Introduction {#Sec1}
============
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It motivated us to consider the following definition \[[@CR3]\]. The mean $\documentclass[12pt]{minimal}
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In this setting Kedlaya's result could be expressed briefly as: *a geometric mean is a Kedlaya mean*. Nevertheless, there appears a natural problem---to find a broad family of Kedlaya means. For example, it is quite easy to prove that min and arithmetic means are Kedlaya means. Moreover, convex combinations of Kedlaya means are again Kedlaya means.

An approach to this problem was given recently by the authors in \[[@CR3]\]. We are going to present this result in a while, but we need to introduce some properties of means first.
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Having this in hand, let us recall one of the most important results from this paper.

Theorem 1.1 {#FPar1}
-----------

(\[[@CR3]\], Theorem 2.1)

*Every symmetric*, *Jensen concave and repetition invariant mean is a Kedlaya mean*.

As symmetry and repetition invariance are very natural axioms of means, Jensen concavity seamed to be the most restrictive one. Fortunately, it was characterized for many families of means. Many properties and characterizations are consequences of the general results obtained in a series of papers by Losonczi \[[@CR4]--[@CR9]\] (for Bajraktarević means and Gini means) and by Daróczy \[[@CR10], [@CR11]\], Daróczy--Losonczi \[[@CR12]\], Daróczy--Páles \[[@CR13], [@CR14]\] (for deviation means), Páles \[[@CR15]--[@CR21]\] (for deviation and quasi-deviation means), Páles--Pasteczka \[[@CR22]\] (for quasi-arithmetic and homogeneous deviation means). Some results concerning Gaussian product were also given \[[@CR3]\]. It gives us plenty of examples of Kedlaya means.

Five years later in 1999 Kedlaya \[[@CR23]\] improved his result to a weighted setting. In more detail, he showed the following.

Theorem 1.2 {#FPar2}
-----------

(Kedlaya)
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Motivated by these preliminaries, we are going to struggle with a weighted counterpart of a Kedlaya inequality. Before it could be done we need to make some introduction to weighted means in an abstract setting. We need to realize that there is no formal agreement concerning this definition. They were introduced for particular families only.

In this situation let us present weighted deviation and quasi-deviation means only. A formal definition of weighted means in the abstract setting will be introduced in the following section.
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This definition could be generalized further; if a function *E* satisfying the following properties: for all $\documentclass[12pt]{minimal}
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At the moment, each time we are dealing with a family which is a particular case of quasi-deviation means, weighted means are immediately defined. In this way, we can simply obtain quasi-arithmetic means, Gini means, Bajraktarević means etc. (cf. \[[@CR24]\] for definitions) in their weighted setting.

Nevertheless, for the purpose of the present note, we need to separate the definition of weighted means from any particular family. This will be accomplished in the next section.

Weighted means {#Sec2}
==============

In this section we will introduce the notion of weighted means. Before we begin, let us underline a few important facts. Weighted means are used very often in the literature. Most usually they are obtained by adding extra values to some symmetric operator (for example $\documentclass[12pt]{minimal}
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As we will see, every repetition invariant mean generate (in a unique way) a weighted mean on rationals (roughly speaking it is implied by scaling invariance; see the definition below). Reals are also of special interest, because each time we are dealing with a quasi-deviation mean, we naturally require all real weights to be considered.

Definition {#FPar3}
----------

(Weighted means)
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                \begin{document}$$\mathscr{M}(x,\lambda) = \mathscr{M}\bigl((x_{i})_{i\in\{1,\dots,n\}\setminus\{j\} },(\lambda_{i})_{i\in\{1,\dots,n\}\setminus\{j\}} \bigr), $$\end{document}$$ i.e., entries with a zero weight can be omitted.

For the sake of convenience, we will use the sum-type abbreviation

Let us begin with a technical lemma. To avoid misunderstanding, if we have a finite sequence $\documentclass[12pt]{minimal}
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                \begin{document}$(a_{m},\dots,a_{k})$\end{document}$ will be interpreted as the empty sequence.

Lemma 2.1 {#FPar4}
---------

*Let* *I* *be an arbitrary interval*, $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \begin{document}$\mathscr{M}$\end{document}$ *be a weighted mean defined on* *I* *over* *R*. *For every* $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \begin{document} $$\begin{aligned}& \mathscr{M}\bigl((x_{1},\dots,x_{k-1},x_{k},x_{k},x_{k+1}, \dots,x_{n}), \bigl(\lambda _{1},\dots,\lambda_{k-1}, \lambda_{k},\lambda_{k}',\lambda_{k+1}, \dots ,\lambda_{n} \bigr) \bigr) \\& \quad=\mathscr{M}\bigl((x_{1},\dots,x_{k-1},x_{k},x_{k+1}, \dots,x_{n}), \bigl(\lambda _{1},\dots,\lambda_{k-1}, \lambda_{k}+\lambda_{k}',\lambda_{k+1}, \dots ,\lambda_{n} \bigr) \bigr). \end{aligned}$$ \end{document}$$

Proof {#FPar5}
-----

If $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda_{k}'=0$\end{document}$, then the statement follows from the elimination principle immediately. In the other case, for $\documentclass[12pt]{minimal}
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                \begin{document}$i\in\{1,\dots,n\}$\end{document}$, define $\documentclass[12pt]{minimal}
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                \begin{document}$\lambda_{i}':=\delta_{ik}\lambda_{k}'$\end{document}$, where *δ* stands for the Kronecker symbol. Applying the elimination principle iteratively $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amssymb} 
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                \begin{document} $$\begin{aligned}& \mathscr{M}\bigl((x_{1},\dots,x_{k-1},x_{k},x_{k},x_{k+1}, \dots,x_{n}), \bigl(\lambda _{1},\dots,\lambda_{k-1}, \lambda_{k},\lambda_{k}',\lambda_{k+1}, \dots ,\lambda_{n} \bigr) \bigr) \\& \quad=\mathscr{M}\bigl(x\odot x,\lambda\odot\lambda' \bigr)=\mathscr{M}\bigl(x, \lambda+\lambda' \bigr), \end{aligned}$$ \end{document}$$ which is exactly the identity to be proved. □

In the following theorem we will prove that a weighted mean defined on a ring can be extended to its quotient field denoted as $\documentclass[12pt]{minimal}
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                \begin{document}$\operatorname {Quot}(R)$\end{document}$.

Theorem 2.2 {#FPar6}
-----------

*Let* *I* *be an interval*, $\documentclass[12pt]{minimal}
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                \begin{document}$\mathscr{M}$\end{document}$ *be a weighted mean defined on* *I* *over* *R*. *Then there exists a unique mean* $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$\widetilde{\mathscr{M}}$\end{document}$ *defined on* *I* *over* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \begin{document}$\operatorname {Quot}(R)$\end{document}$ *such that* $$\documentclass[12pt]{minimal}
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                \begin{document}$$\widetilde{\mathscr{M}}\vert_{\bigcup_{n=1}^{+\infty} I^{n} \times W_{n}(R)} =\mathscr{M}. $$\end{document}$$ *Moreover*, *if* $\documentclass[12pt]{minimal}
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Proof {#FPar7}
-----
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                \begin{document}$q\lambda\in W_{n}(R)$\end{document}$ (for example a product of all denominators). We define $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \widetilde{\mathscr{M}}(x,\lambda):=\mathscr{M}(x,q\lambda). $$\end{document}$$ To prove the correctness of this definition, it suffices to show that it does not depend on the selection of *q*. Indeed, take $\documentclass[12pt]{minimal}
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                \begin{document}$\mathscr{M}(x,q\lambda)=\mathscr{M}(x,q'\lambda)$\end{document}$ is valid. However, applying the nullhomogeneity of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathscr{M}(x,q\lambda)=\mathscr{M}\bigl(x,q'q\lambda \bigr)=\mathscr{M}\bigl(x,qq' \lambda \bigr)=\mathscr{M}\bigl(x,q'\lambda \bigr). $$\end{document}$$

In order to verify the nullhomogeneity of $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\widetilde{\mathscr{M}}$\end{document}$, observe that every positive element of $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \begin{document}$\operatorname {Quot}(R)$\end{document}$ can be represented as $\documentclass[12pt]{minimal}
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                \begin{document}$a, b \in R_{+}$\end{document}$. Then, obviously, $\documentclass[12pt]{minimal}
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                \begin{document}$bq \cdot(a/b) \cdot \lambda\in W_{n}(R)$\end{document}$. Thus $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{upgreek}
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                \begin{document}$$\widetilde{\mathscr{M}}\bigl(x,(a/b) \cdot\lambda \bigr)=\mathscr{M}\bigl(x,bq \cdot(a/b) \cdot \lambda \bigr)=\mathscr{M}\bigl(x,a \cdot(q\lambda) \bigr)=\mathscr{M}(x,q\lambda)= \widetilde{\mathscr{M}}(x, \lambda). $$\end{document}$$

To prove reduction principle, take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda, \mu\in W_{n}(\operatorname {Quot}(R))$\end{document}$ arbitrarily. Then there exist $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \widetilde{\mathscr{M}}(x \odot x,\lambda\odot\mu) =&\mathscr{M}\bigl(x \odot x,qr\cdot(\lambda \odot\mu) \bigr) \\ =&\mathscr{M}\bigl(x \odot x,(qr\lambda)\odot(qr\mu) \bigr) =\mathscr{M}(x,qr\lambda+qr\mu )= \widetilde{\mathscr{M}}(x,\lambda+\mu). \end{aligned}$$ \end{document}$$

The two remaining properties (mean value property, elimination principle) are obvious. The last assertion is simply implied by ([2.1](#Equ4){ref-type=""}). □

What we are going to prove now is that every repetition invariant (non-weighted) mean can be associated with a $\documentclass[12pt]{minimal}
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                \begin{document}$\mathbb {Q}$\end{document}$-weighted mean. In fact this operation can also be reversed.

Theorem 2.3 {#FPar8}
-----------
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                \usepackage{amsmath}
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                \begin{document}$\mathscr{M}\colon\bigcup_{n=1}^{\infty}I^{n}\to I$\end{document}$ *is a repetition invariant mean on* *I*, *then the formula* $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \widetilde{\mathscr{M}}\bigl((x_{1},\dots,x_{n}),( \lambda_{1},\dots,\lambda _{n}) \bigr):=\mathscr{M}( \underbrace{x_{1},\dots,x_{1}}_{\lambda_{1}\mathrm{\ entries}},\dots , \underbrace{x_{n},\dots,x_{n}}_{\lambda _{n}\mathrm{\ entries}} ) $$\end{document}$$ *defines a weighted mean* $\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathscr{M}(x_{1},\dots,x_{n}):=\widetilde{\mathscr{M}}\bigl((x_{1},\dots,x_{n}),(\underbrace {1, \dots,1}_{n\mathrm{\ entries}}) \bigr) $$\end{document}$$ *is a repetition invariant mean on* *I*. *Furthermore these transformations are inverses of each other*.

Proof {#FPar9}
-----

Clearly, the transformations described in the theorem are inverses of each other.
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Let us now verify the nullhomogeneity in the weights. For $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \widetilde{\mathscr{M}}\bigl((x_{1},\dots,x_{n}),(t \lambda_{1},\dots,t\lambda _{n}) \bigr) =&\mathscr{M}( \underbrace{x_{1},\dots,x_{1}}_{t\cdot\lambda_{1}\text{ entries}},\dots, \underbrace{x_{n},\dots,x_{n}}_{t\cdot \lambda_{n}\text{ entries}} ) \\ =&\mathscr{M}( \underbrace{x_{1},\dots,x_{1}}_{\lambda_{1}\text{ entries}}, \dots,\underbrace{x_{n},\dots,x_{n}}_{\lambda _{n}\text{ entries}} ) \\ =&\widetilde{\mathscr{M}}\bigl((x_{1},\dots,x_{n}),( \lambda_{1},\dots,\lambda _{n}) \bigr). \end{aligned}$$ \end{document}$$

Finally, we will prove the reduction principle. We may assume that $\documentclass[12pt]{minimal}
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Another important observation is that, due to the mean value property, means are locally bounded functions. Therefore, as a consequence of the celebrated Bernstein--Doetsch theorem (cf. \[[@CR26], [@CR27]\]), Jensen concavity or Jensen convexity is equivalent to their concavity or convexity, respectively. Henceforth, it implies their continuity with respect to their entries over the interior of $\documentclass[12pt]{minimal}
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The following two statements are easy to see.
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Theorem 2.5 {#FPar11}
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Usually, instead of explicitly writing down weights, we can consider a function with finite range as the argument of the given mean. Let *R* be a subring of $\documentclass[12pt]{minimal}
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In this section we will prove two important lemmas.

Lemma 2.6 {#FPar12}
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-----
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Results: the weighted Kedlaya inequality {#Sec3}
========================================

We are heading toward the inequality which is the main target for the present paper.

To have a weighed counterpart of the Kedlaya inequality, we have to take weight sequences *λ* from *R* with a positive first member. Therefore, for a given ring *R*, we define $$\documentclass[12pt]{minimal}
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To verify the correctness of this definition, we need to check $\documentclass[12pt]{minimal}
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Finally, we shall prove that it is also the case for the right hand sides. It suffices to prove that
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The last assertion of the theorem can be obtained by the transformation $\documentclass[12pt]{minimal}
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We have two immediate corollaries.
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Corollary 3.3 {#FPar19}
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In our subsequent result we demonstrate that the assumption that $\documentclass[12pt]{minimal}
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Theorem 3.4 {#FPar20}
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Proof {#FPar21}
-----
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The following result is an immediate consequence of the latter theorem.

Corollary 3.5 {#FPar22}
-------------
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Example 1 {#FPar23}
---------

In this example we construct a homogeneous Jensen convex symmetric mean $\documentclass[12pt]{minimal}
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At the very end of this section let us emphasize that the Kedlaya property is stable under affine transformations of means. More precisely we can establish the following simple lemma.

Lemma 3.6 {#FPar24}
---------
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We note that a similar invariance property holds concerning Jensen convexity and concavity of means.

From now on, we will extensively use Theorem [3.1](#FPar16){ref-type="sec"}. To make the notation easier let us define, for every $\documentclass[12pt]{minimal}
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Some properties of these sets are implied just by their definition. For example as an immediate result of continuity in weights, we see that $\documentclass[12pt]{minimal}
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Proposition 3.7 {#FPar25}
---------------
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Proof {#FPar26}
-----
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Discussion {#Sec4}
==========

In this section we will apply results already obtained to an important families of means. Each of subsection will consist of definition of the family, a characterization of Jensen concavity and, finally, applications of the notation of $\documentclass[12pt]{minimal}
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Deviation means {#Sec5}
---------------

Given a function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E \colon I \times I \to \mathbb {R}$\end{document}$ vanishing on the diagonal of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$I\times I$\end{document}$, continuous and strictly decreasing with respect to the second variable (we will call such a function a *deviation function*), we can define a mean $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathscr{D}_{E}\colon \bigcup_{n=1}^{\infty} I^{n} \to I$\end{document}$ in the following manner (cf. Daróczy \[[@CR10]\]). For every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\in \mathbb {N}$\end{document}$, for every vector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x =(x_{1},\dots,x_{n})\in I^{n}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda=(\lambda_{1}, \dots,\lambda_{n})\in W_{n}(\mathbb {R})$\end{document}$, the *weighted deviation mean (or Daróczy mean)* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathscr{D}_{E}(x,\lambda)$\end{document}$ is the unique solution *y* of the equation $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda_{1}E(x_{1},y)+\cdots+\lambda_{n}E(x_{n},y)=0. $$\end{document}$$ According to \[[@CR15]\] deviation means are symmetric weighted means which are continuous in the weights. The increasingness of a deviation mean $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathscr{D}_{E}$\end{document}$ is equivalent to the increasingness of the deviation *E* in its first variable. All these properties and characterizations are consequences of the general results obtained in a series of papers by Losonczi \[[@CR4]--[@CR9]\] (for Bajraktarević means and Gini means) and by Daróczy \[[@CR10], [@CR11]\], Daróczy--Losonczi \[[@CR12]\], Daróczy--Páles \[[@CR13], [@CR14]\] (for deviation means) and by Páles \[[@CR15]--[@CR21]\] (for deviation and quasi-deviation means).

The only property which requires some calculations is the characterization of the Jensen concavity of a deviation mean.

### Lemma 4.1 {#FPar27}
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### Proof {#FPar28}
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Finally, binding all equivalences above, one can easily finish the proof. □

Based on the above lemma, it is simple now to formulate a corollary which is important in view of Proposition [3.7](#FPar25){ref-type="sec"}.

### Proposition 4.2 {#FPar29}
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Homogeneous deviation means {#Sec6}
---------------------------

It is well known \[[@CR21]\] that a deviation mean generated by a continuous deviation function $\documentclass[12pt]{minimal}
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Let us just mention that homogeneous deviation means generalize power means. Indeed, whenever $\documentclass[12pt]{minimal}
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### Theorem 4.3 {#FPar30}
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### Proposition 4.4 {#FPar31}
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Quasi-arithmetic means {#Sec7}
----------------------

The idea of quasi-arithmetic means first was only glimpsed at in a pioneering paper by Knopp \[[@CR29]\]. The theory was somewhat later axiomatized in a series of three independent but nearly simultaneous papers by De Finetti \[[@CR30]\], Kolmogorov \[[@CR31]\], and Nagumo \[[@CR32]\] at the beginning of the 1930s.
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### Theorem 4.5 {#FPar32}
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Similarly to the case of Theorem [4.3](#FPar30){ref-type="sec"}, this one could also be used to obtain some results concerning the Kedlaya inequality. Let us stress again the meaningfulness of Proposition [3.7](#FPar25){ref-type="sec"}.
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Gini means {#Sec8}
----------
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### Proposition 4.7 {#FPar34}
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Power means {#Sec9}
-----------
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### Proposition 4.8 {#FPar35}
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                \begin{document}$p=0$\end{document}$, the inequality ([3.1](#Equ10){ref-type=""}) reduces to the inequality stated in Theorem [1.2](#FPar2){ref-type="sec"} which was discovered by Kedlaya \[[@CR23]\]. Further important extensions and generalizations of the power mean Kedlaya inequality can be found in \[[@CR35]--[@CR45]\].

Conclusions {#Sec10}
===========

The main result of the paper, the weighted Kedlaya inequality established in Theorem [3.1](#FPar16){ref-type="sec"}, generalizes the result of Kedlaya of 1999, which was established for the geometric mean. The inequality has several particular cases in the classes of deviation means, quasi-arithmetic means, Gini means and power means.

This definition comes from the theory of computation. Perhaps the most famous (folk) result states that shuffling of two regular languages is again regular; see e.g. \[[@CR46]\].
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